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Introduction
Bernoulli's law is one of the important equations of fluid dynamics [1, 2] . It is often used to qualitatively explain many phenomena in hydroand aerodynamics and also allows for some very impressive demonstrations. It is, however, rarely considered in an exact numerical way, it is mostly treated qualitatively [3] [4] [5] [6] . We provide some new ways to test it numerically that could be used as early as high school.
Bernoulli's law is usually tested with a tube that has two different cross-sections and a liquid (usually water) is run through it. The difference in static pressures is measured with a differential U-shaped mercury manometer. This method is inappropriate for high school use for two reasons. Firstly, the setup is relatively complicated. Secondly, the use of mercury in high schools is unacceptable. Because of that we propose a few new methods for testing Bernoulli's law that are much more appropriate for high schools. 
First method
where p at is atmospheric pressure and ρ is water density. From this we obtain
According to the continuity equation for an incompressible fluid We put this into (1) and obtain
This result is derived from Bernoulli's law and testing it experimentally would be testing the law itself. In order to do this we need to know the diameters d and d 0 , the distance H and the initial velocity of the water jet v 0 .
To determine the initial jet velocity v 0 we need to measure the volume of water V that flows out of the tube in time t. Considering that
is the cross-section of the tube, we get
During the experiment we need to keep the jet velocity v 0 constant. There are a number of devices that can be used to achieve constant flow; we used a version of Mariotte's bottle. The general appearance of the experimental setup is shown in figure 2 . A rubber hose is attached to the constantflow device and the other end of it is attached to the tube the water will flow out of. Its diameter d 0 is pre-measured with a calliper. The tube itself is mounted on a stand and right alongside it, possibly on the same stand, is attached a graduated ruler that we will use to measure H. It is most convenient if the zero mark of the ruler is placed at the exact same level as the end of the tube. A smooth laminar flow is obtained through the constant-flow device.
To measure the flow rate and thus v 0 we put a vessel underneath the jet, simultaneously starting a stopwatch. After a certain time t (usually predetermined) we stop the stopwatch and quickly withdraw the vessel. We then measure the volume V of the collected water with a measuring cylinder.
The hardest part of the experiment is measuring the diameter of the water jet at different heights under the tube. This can be done photographically. We need to take a good close-up photograph of the water jet with the ruler alongside it. From this we can actually measure the diameters. A proper scale can be established by either using the measuring scale already in the picture alongside the water jet or by using d 0 which we have already measured very precisely. This, however, is not really needed since we only need the proper value of d 0 to calculate v 0 -all other cross-section diameters are only needed in ratios to d 0 and these are the same whatever the unit of measurement (so long as it is the same for both diameters). We thus do not need to perform the cumbersome scaling calculations. The measuring of the diameter itself can be done in several ways. The picture can be printed (as large as possible) and measurements can be taken from it. It may be displayed on a computer screen close-up and again measured from the screen with a ruler. We actually used some image-editing software with a built-in ruler and took the positions of the leftmost and rightmost points of the jet at the different positions and subtracted them to get the diameter itself.
It is possible to take the picture with some graph paper as the background to use for the measurements. We did encounter some problems with that-it is hard to get both the jet and the paper into proper focus; the jet will distort the graph behind it through refraction, while the jet itself in its lower end thins out to about a millimetre so the graph paper may not be sufficiently precise for measurements. It is still a viable possibility that can be sufficient in some circumstances and it makes the measurements much simpler.
Equation (2) can be tested in several ways. We can calculate the ratio of the diameters and the fourth root separately and compare them. A proper numerical test can be achieved by calculating the ratio of the two sides of (2)-it should be close to 1. Another way to enumerate the comparison is to calculate the difference of the two values and divide it by their average-this gives us a dimensionless relative value of the difference between them which can also be expressed as a percentage and should be close to zero. If the experiment is carried out carefully, as we show below, it is possible to achieve a comparison precision to within five per cent.
Another way to test (2) is by rearranging it as If we now take the expression on the left and plot it on a y-axis and put H on the x-axis we should be able to obtain a nice straight line. We can even use linear regression to calculate the coefficient g v 2 / 0 2 and compare it to a preliminary calculation. This technique can also be used when we have not measured v 0 , meaning we do not even have to measure d 0 , given that its absolute value is only needed for calculating that velocity-for everything else we use ratios. In practice we always obtained excellent linearity (R-squared was consistently over 0.95, sometimes over 0.99). The coefficient, however, was frequently quite different from the measured one, even in cases where the first approach gave us differences of 5-6%. This can be explained from the formulae themselves. In (2) one of the major sources of experimental erro-v 0 2 -is under a fourth root, which greatly diminishes its influence, whereas in (3) the other major source of experimental uncertainty, the diameters, are raised to the fourth power, significantly exacerbating any measurement error. Thus the linearity approach is qualitative and less precise, but it is also simpler to measure (we do not need to know the flow rate) and allows an easy visual confirmation of the straight line and thus the formula.
We present here two of the pictures we used (figures 3 and 4) with the appropriate data sets (tables 1 and 2, figures 5 and 6) and comparisons. The full-scale pictures and spreadsheets used for data processing are in the supplementary material, available at stacks.iop.org/PED/49/436/mmedia.
In classroom practice the teacher may take some pictures in advance and record the flow-rate data. In front of the students he can just demonstrate the experimental setup qualitatively. Getting a good quality picture is not trivial-any light sources and windows will be reflected and refracted through the water jet, making it hard to take measurements from the photograph. It is best to place a matted white screen behind the experimental setup, between it and any light sources so that only diffuse light will illuminate the water jet. The pictures may also have to be taken with a tripod, using long exposure. In case more time is available, taking the pictures may be presented to the students as an interesting and not insignificant challenge. This experimental problem, including making the setup, carrying out the experiment, taking the pictures, collecting data and making calculations, is very suitable for the purpose of project-based learning.
It is important to note that in the classic experiment with a tube of varying cross-section the water-flow suffers serious friction at the tube walls. This takes us away from the ideal model and makes experimental testing of the law more difficult. In our case, this problem is not present due to negligible air friction, and thus it takes us closer to the ideal situation. Furthermore, this water jet shape is observed daily from faucets, making this a very familiar phenomenon.
Second method
Another accessible option for testing Bernoulli's law is shown in figure 7 . A vessel with a volume of several litres is placed on a stand on the laboratory table. The bottom of the vessel is drilled and a hole is made with a diameter d of several millimetres. A metal probe of calibrated diameter may be inserted and secured as watertight with instant glue to ensure a good round hole with an accurate size.
The hole is plugged (we can just use a finger) and the vessel is filled with water. Upon unplugging the hole, the water starts flowing out but the vessel is kept full by constantly refilling. This ensures a constant flow rate and a constant velocity v of the outflowing water.
In this case Bernoulli's law is written as where p at is atmospheric pressure, H is the height of the water column, ρ is the water density and v 0 is the velocity at which the free surface of the water is receding. Since we keep the water level constant, = v 0 0 . Thus we obtain Torricelli's formula for the velocity of the outflowing water
We can determine this velocity experimentally. By placing a graduate vessel under the water jet and determining the time t that it takes to fill up a volume V. Since
we can obtain for the velocity
Comparing (4) and (5) we get
This equation is subject to experimental confirmation. In order to do this we need to determine d, h, v and t. The precision of the result will mostly be influenced by the precision with which the diameter d of the opening is measured. This can be measured with a calliper during the course of the experiment or can be provided in advance as a constant of the equipment. This diameter should not be more than a few millimetres, so the water jet will not become turbulent while flowing out. The water level can be kept constant with a hose from the tap or by pouring water from another vessel. This refilling must be done from Table 1 . Data related to water jet 1, as depicted on figure 3. Diameter measurements are in arbitrary 'photo units'. The data are presented graphically in figure 5 . Table 2 . Data related to water jet 2, as depicted on figure 4 . Diameter measurements are in arbitrary 'photo units'. The data are presented graphically in figure 6 . a small height and for a more accurate experiment the vessel may even be allowed to gently overflow.
The data from one of our experiments is: Plugging these into (6) shows it holds with excellent precision. This experiment is quite accessible for high school, both experimentally and theoretically.
Third method
We have a vertical cylindrical vessel with diameter D and height H filled with water (figure 8) and a small hole with diameter d drilled in its bottom. Let us determine the time T it will take for all the water to flow out.
Let us assume that at a certain moment the water level is at a height h relative to the vessel bottom. We will now consider a thin water layer with a thickness h d . Due to the thinness of the layer we can consider that it will flow out with constant velocity v 0 in a time t d . The speed of the decrease of the water level is v and we have:
According to Bernoulli's law we have 
From the continuity equation for an incompressible fluid we have 
